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Amplification effects in optomechanics via weak measurement
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We revisit the scheme of single-photon weak-coupling optomechanics using post-selection,
proposed by Pepper, Ghobadi, Jeffrey, Simon and Bouwmeester [Phys. Rev. Lett. 109, 023601
(2012)], by analyzing the exact solution of the dynamical evolution. Positive and negative
amplification effects of the displacement of the mirror’s position can be generated when the Kerr
phase is considered. This effect occurs when the post-selected state of the photon is orthogonal
to the initial state, which can not be explained by the usual weak measurement results. The
amplification effect can be further modulated by a phase shifter, and the maximal displacement
state can appear within a short evolution time.
PACS numbers: 42.50.Wk, 42.65.Hw, 03.65.Ta
I. INTRODUCTION
Post-selected weak measurement, first discovered by
Aharonov, Albert and Vaidman [1], has been a subject
full of curiosity and can be used to explain some counter-
intuitive quantum paradoxes [2]. Its important char-
acteristic is found useful to measure and amplify small
physical quantities or effects, and has applications in di-
rect measurement of wave function [3], spin hall effect
of light [4] and ultrasensitive beam deflection [5]. Al-
though weak measurement has many applications, its ap-
plication in quantum optomechanics is seldom reported.
Quantum optomechanical system usually refers to a high
finesse cavity with a movable mirror where the light in
the cavity can give a force on the mirror [6, 7]. When
there is only one photon in the cavity, the displacement
of the mirror caused by the photon is hard to be de-
tected since it is much smaller than the spread of the
mirror wave packet. In a recent paper [8], Pepper et al
proposed a scheme to generate the one phonon state of
the mirror by using a single photon in a special quan-
tum optomechanical system, where a weak measurement
is implemented through a nested Mach-Zehnder interfer-
ometer. Their result motivates a possibility to detect the
displacement of the mirror caused by one photon using
weak measurement.
In the scheme proposed by Pepper et al, a Kerr phase
[? ? ] proportional to (a†a)2 was omitted. In this paper,
we will revisit their scheme but retain the Kerr phase.
When combined with a post-selected weak measurement,
it will be shown that the Kerr phase can lead to an am-
plification effect of the mirror’s displacement. And the
maximal amplification value can reach the level of the
ground state fluctuation and is detectable in principle.
∗ligang0311@sina.cn
†hssong@dlut.edu.cn
Even more surprisingly, besides the positive amplifica-
tion effect, there is a counter-intuitive negative amplifi-
cation. Furthermore it is very easy for the amplification
effect to be modulated by a phase shifter. Our result
also shows that some special states of the mirror, includ-
ing the states achieving the maximal displacement, i.e.,
the equal superposition of the ground state and the one
photon state, can appear within a short evolution time,
which is in sharp contrast to the result in [8] where the
tiny Kerr phase was omitted and only the one photon
state is achieved. We note that our scheme uses Gaus-
sian state as the initial state of the pointer as in Ref.
[1, 9], but we get the amplification effect when the post-
selected state is chosen to be orthogonal to the initial
state of the system.
The structure of our paper is as follows. In Secs. II,
we briefly review the post-selected weak measurement. In
Secs. III, we state the main result of this work, including
the positive amplification and negative amplification ef-
fects of the mirror’s displacement which is induced by the
Kerr phase. In Secs. IV, we show that the amplification
effect can be modulated by a phase shifter. In Secs. V
and VI, we give the discussion and conclusion about the
work, respectively.
II. POST-SELECTED WEAK MEASUREMENT
Firstly we simply review the post-selected weak mea-
surement [1]. In the interaction picture, suppose the
Hamiltonian of the quantum system to be measured and
the quantum pointer is
Hˆ = ~χ(t)σˆz ⊗ pˆ, χ(t) = χδ(t− t0) (1)
where ~ is Planck’s constant, χ is a small coupling con-
stant, σˆz is a spinlike observable acting on the quantum
system to be measured and pˆ is the momentum operator
of the quantum pointer that conjugates to the position
2operator qˆ. The time factor δ(t − t0) means the time of
weak interaction is a very short instant. Suppose that
the initial states of the system and the pointer are |ψi〉
and |φ〉, respectively. When the weak interaction is fin-
ished, the time evolution of the total system (the system
and the pointer) is given by
e−iχσˆz⊗pˆ|ψi〉 ⊗ |φ〉. (2)
When the post-selected state |ψf 〉 is projected onto the
system, the final state of the pointer is
|φ′〉 = 〈ψf |e
−iχσˆz⊗pˆ|ψi〉 ⊗ |φ〉
|〈ψf |e−iχσˆz⊗pˆ|ψi〉 ⊗ |φ〉| , (3)
which is usually called postselection. The average dis-
placement of the pointer variable Mˆ after the post-
selected weak measurement is given by
〈M〉 = 〈φ′|M |φ′〉 − 〈φ|M |φ〉. (4)
When |ψf 〉 is not the same as |ψi〉, 〈M〉 may be very
large and lead to an amplification effect.
The usual weak measurement theory as well as the in-
duced amplification effect is valid only for a post-selected
state of the system not orthogonal to the initial state
[1, 10], i.e., 〈ψf |ψi〉 6= 0. The weak measurement theory
with 〈ψf |ψi〉 = 0 has also been discussed in Ref. [9], but
no amplification effect is found. In this paper we will
discuss a weak measurement with 〈ψf |ψi〉 = 0, but the
amplification effect is obtained.
III. AMPLIFICATION IN OPTOMECHANICS
1. The optomechanics model
Now consider a Mach-Zehnder interferometer shown in
Fig. 1, which is the same as that considered by Pepper
et al. The optomechanical cavity A is embedded in one
arm of the March-Zehnder interferometer and a station-
ary Fabry-Pérot cavity B is placed in another arm. The
two beam splitters are both symmetric. The Hamilto-
nian of the optomechanical system in the interferometer
is expressed as followed:
Hˆ = ~ω0(a
†a+ b†b) + ~ωmc†c− ~ga†a(c+ c†), (5)
where ~ is Planck’s constant, ω0 is frequency of the opti-
cal cavity A, B and the corresponding annihilation oper-
ators are aˆ and bˆ, ωm is frequency of mechanical system
and the corresponding annihilation operator is cˆ, and the
optomechanical coupling strength g = ω0L σ, where L is
the length of the cavity A or B, σ = (~/2mωm)
1/2 which
is the zero-point fluctuation andm is the mass of mechan-
ical system. Here a†a of the Eq. (5) corresponds to σˆz of
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Figure 1: The photon enters the first beam splitter of March-
Zehnder interferometer, followed by an optomechanical cavity
A and a conventional cavity B. The photon weakly excites
the small mirror. After the second beam splitter, dark port is
detected, i.e., postselection acts on the case where the mirror
has been excited by a photon, and fails otherwise.
the Hamiltonian in the standard scenario of weak mea-
surement and c+ c† corresponds to pˆ. It is a weak mea-
surement model where the mirror is used as the pointer
to measure the number of photon in cavity A.
According to the results of Ref. [? ? ], the time
evolution operator corresponding to the Hamiltonian of
Eq. (5) is given by
U(t) = exp[−ir(a†a+ b†b)ωmt] exp[i(a†a)2φ(t)]
× exp[a†a(ϕ(t)c† − ϕ∗(t)c)] exp[−ic†cωmt], (6)
where φ(t) = k2(ωmt − sinωmt), ϕ(t) = k(1 − e−iωmt),
r = ω0/ωm, k = g/ωm is the scaled coupling parame-
ter. We assume that the initial state of the mirror is pre-
pared at the ground state |0〉m that can be achieved using
sideband-resolved cooling technique [11, 12]. If there is
n photon appearing in cavity A, from the time evolution
operator it can be found that there exists a phase ein
2φ(t),
and the phase will be called Kerr phase throughout this
paper.
From the literature [13] we know that if the displace-
ment of the mirror can be detected experimentally it
should be not smaller than σ , i.e., the zero-point fluctu-
ation of the mirror at the ground state |0〉m. If there is
no cavity B and only one photon in cavity A interacting
with the mirror, from the time evolution operator it can
be found that the mirror will be changed from the ground
state |0〉m to the coherent state |ϕ(t)〉 (some phase is
omitted). The position displacement of the mirror will
be 〈ϕ(t)|qˆ|ϕ(t)〉 and it is not more than 4kσ for any time
t. Since k = g/ωm can not be bigger than 0.25 in weak
3coupling condition [13], the maximal displacement of the
mirror 4kσ can not be bigger than the zero-point fluc-
tuation of the mirror, therefore the displacement of the
mirror caused by one photon can not be detected. In the
following we will consider the case the cavity B is added
and show how the weak measurement can amplify the
mirror’s displacement.
2. Amplification with post-selected weak
measurement in optomechanics
Suppose a single photon is input into the interferom-
eter shown in Fig. 1, the state of the photon after the
first beam splitter becomes
|ψi〉 = 1√
2
(|1〉A|0〉B + |0〉A|1〉B), (7)
which is an equal superposition of being in arm A and B.
The initial state of the mirror is prepared at the ground
state |0〉m. For the completeness of the discussion, the
damping of the mirror is also considered [? ], thus the
master equation of the optomechanical system is
dρ(t)
dt
= − i
~
[H, ρ(t)]
+
γm
2
[2cρ(t)c† − c†cρ(t)− ρ(t)c†c], (8)
where γm is the damping constant. After interacting
weakly with the optomechanical system, the density ma-
trix of the total system is
ρ(t) =
1
2
(|1〉A|0〉B〈1|A〈0|B ⊗ |ϕ(γ, t)〉m〈ϕ(γ, t)|m
+ eiφ(t)−D(γ,t)|1〉A|0〉B〈0|A〈1|B ⊗ |ϕ(γ, t)〉m〈0|m
+ e−iφ(t)−D(γ,t)|0〉A|1〉B〈1|A〈0|B ⊗ |0〉m〈ϕ(γ, t)|m
+ |0〉A|1〉B〈0|A〈1|B ⊗ |0〉m〈0|m), (9)
where γ = γm/ωm, φ(t) = k
2(ωmt − sinωmt), ϕ(γ, t) =
ik
i+γ/2 (1− e−(i+γ/2)ωmt) is the amplitude of the coherent
states of the mirror generated by one photon and
D(γ, t) =
k2γ
2(1 + γ2/4)
[ωmt+
1− e−γωmt
γ
− e
(i−γ/2)ωmt − 1
i− γ/2 +
e−(i−γ/2)ωmt − 1
i+ γ/2
].(10)
The relative phase φ(t) between the coherent state
|ϕ(γ, t)〉m and the ground state |0〉m is the Kerr phase in
Ref. [? ? ].
When a photon is detected in the dark port, in the
language of weak measurement the post-selected state of
the single-photon [8]is
|ψf 〉 = 1√
2
(|1〉A|0〉B − |0〉A|1〉B), (11)
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Figure 2: The average displacement 〈q(t)〉/σ of the mirror
as a function of ωmt with k = 0.005, γ = 0 (solid line) and
γ = 0.005 (dashed line).
.
Figure 3: Wigner function of the state achieving the maximal
negative amplification. In this figure, x stands for c+ c† and
y for −i(c− c†). They are therefore dimensionless quantities.
which is orthogonal to the initial state, i.e., 〈ψf |ψi〉 = 0.
Then the final state of the mirror becomes
ρos(t) =
1
4
(|ϕ(γ, t)〉m〈ϕ(γ, t)|m − eiφ(t)−D(γ,t)
× |ϕ(γ, t)〉m〈0|m − e−iφ(t)−D(γ,t)
× |0〉m〈ϕ(γ, t)|m + |0〉m〈0|m). (12)
The average displacement of the position operator qˆ =
(cˆ + cˆ†)σ of the mirror, or the average position of the
quantum pointer, is given by
〈q〉 = Tr(ρosqˆ)
Tr(ρos)
− Tr(|0〉m〈0|mqˆ). (13)
4After plugging Eq. (12) into Eq. (13) we have
〈q(t)〉 = σ[ϕ(γ, t) + ϕ∗(γ, t)− e− |ϕ(γ,t)|
2
2
(eiφ(t)−D(γ,t)ϕ(γ, t) + e−iφ(t)−D(γ,t)
ϕ∗(γ, t))]/[2− e− |ϕ(γ,t)|
2
2 (eiφ(t)−D(γ,t)
+e−iφ(t)−D(γ,t))]. (14)
The average displacement 〈q(t)〉/σ of the mirror is shown
in Fig. 2 as a function of ωmt with k = 0.005, γ = 0 (solid
line) and γ = 0.005 (dashed line). It can be seen that
when the damping is present the two extreme values are
both reduced (dashed line), but the actual γ can be very
small (γ = 5× 10−7 in [8]). The result for γ = 5 × 10−7
is almost the same as the one for γ = 0. The posi-
tive and negative amplification effects are very prominent
around the vibration periods of the mirror ωmt = 2npi
(n = 1, 2, 3, · · · ). Both positive and negative amplifi-
cations can reach strong coupling limiting (the level of
the ground state fluctuation) [13] 〈q〉 = ±σ. Note that
the maximal displacement of the mirror caused by one
photon in cavity A is 4kσ and the displacement ±σ can
be obtained using weak measurement, therefore the am-
plification factor can be Q = ±1/4k which is ±50 when
k = 0.005. The negative amplification is unusual because
intuitively there can not exist negative displacement rela-
tive to the direction of the photon propagation, therefore
it is a counter-intuitive result.
3. Small quantity expansion about time for
amplification
In order to further explicitly explain the amplification
phenomenon displayed in Fig. 2, we take no account of
the damping of the mirror, i.e., γm = 0. Then the state
of the Eq. (12) becomes
Ψos(t) =
1√
2
(eiφ(t)|ϕ(t)〉m − |0〉m), (15)
where ϕ(t) = k(1−e−iωmt) and φ(t) = k2(ωmt−sinωmt).
To observe the amplification effects appearing around the
vibrational periods of the mirror, we can perform a small
quantity expansion about time T till the second order,
where T = 2npi (n = 1, 2, · · · ). Suppose that |ωmt−T | ≪
1, k ≪ 1 and k2T ≪ 1, there is
Ψos(t) ≈ ik2T |0〉m + ik(ωmt− T )|1〉m. (16)
We note that in the paper by Pepper et al, the Kerr
phase φ(t) is neglected and they find Ψos(t) proportional
to |1〉m instead of the above superposition state. Here
we retain the Kerr phase and use the approximation
eiφ(t) ≈ 1 + ik2T to get the above superposition state.
Substituting Eq. (16) into Eq. (13), the average value of
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Figure 4: The average displacement 〈p(t)〉/ ~
2σ
of the mirror
as a function of ωmt with k = 0.005.
the displacement operator qˆ is given by
〈q(t)〉|ωmt−T |≪1 = 2Tk3σ(ωmt− T )/[T 2k4
+ k2(ωmt− T )2], (17)
which gets its maximal value σ when Tk2 = k(ωmt−T ),
and gets its minimal value −σ when when Tk2 =
−k(ωmt − T ). Therefore the mirror state achieving the
maximal positive amplification is 1√
2
(|0〉m + |1〉m) and
the state achieving the maximal negative amplification is
1√
2
(|0〉m − |1〉m). The two states are nonclassical states
since their Wigner functions [14] have a negative part.
Fig. 3 shows the Wigner function of the state achieving
the maximal negative amplification. It is obvious that
the key to understand the amplification is the superpo-
sition of the vacuum state and one phonon state of the
mirror, which is due to the retaining of the Kerr phase.
The amplifications achieved here are somewhat different
from the usual weak measurement results [1, 9] since we
choose the post-selected state to be orthogonal to the
initial state.
Next we would like to discuss the amplification of mo-
mentum variable p of the mirror. Because the damping
coefficient (γ = 5×10−7 in [8]) is very small so we take no
account of the damping of the mirror. Substituting Eq.
(15) into Eq. (13) which uses p = −i(c − c†) ~2σ instead
of q, then we have
〈p(t)〉 = −i ~
2σ
[ϕ(t)− ϕ∗(t)− e− |ϕ(t)|
2
2 (eiφ(t)ϕ(t)
− e−iφ(t)ϕ∗(t))]/[2− e− |ϕ(t)|
2
2 (eiφ(t)
+ e−iφ(t))]. (18)
The average displacement 〈p(t)〉/ ~2σ of the mirror is
shown in Fig. 4 as a function of ωmt with k = 0.005. It
can be seen clearly that the amplification of the mirror
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Figure 5: The average displacement 〈q(t)〉/σ for θ = 0.001 (a)
and θ = −0.001 (b), other parameters are the same as before,
i.e., k = 0.005, γ = 0 (solid line) and γ = 0.005 (dashed line).
momentum p is suppressed around the vibration periods
of the mirror ωmt = 2npi (n = 1, 2, 3, · · · ).
IV. AMPLIFICATION WITH A PHASE SHIFTER
The key ingredient for amplification is the relative
phase between the coherent state and the vacuum state,
so we can further add a phase shifter θ into the inter-
ferometer to modulate the relative phase which has been
used in [5]. When the phase shifter is added, the initial
state of the photon before interacting with the mirror
becomes
|ψi(θ)〉 = 1√
2
(eiθ|1〉A|0〉B + |0〉A|1〉B), (19)
where θ is positive if the phase shifter is placed in arm A
and negative if it is placed in arm B. Similar to the pre-
vious section, when a photon is detected in the dark port,
the expression for the average displacement 〈q(t)〉 of the
mirror is similar to Eq. (14), just with φtotal(t) = θ+φ(t)
instead of the relative phase φ(t). Fig. 5(a) and 5(b)
show 〈q(t)〉/σ for θ = 0.001 and θ = −0.001, respec-
tively, where other parameters are the same as before,
i.e., k = 0.005, γ = 0 (solid line) and γ = 0.005 (dashed
line). In sharp contrast to Fig. 2 the amplification effect
can occur around ωmt = 0, which means the amplifica-
tion effect occurs in a short evolution time, here 5(a) is
a positive amplification and 5(b) is the negative one. We
can understand the phenomenon through a small quan-
tity expansion about time T till the second order
Ψos(t) ≈ i(θ + k2T )|0〉m + ik(ωmt− T )|1〉m, (20)
which is similar to Eq. (16). It is very easy to see that
even when T = 0 (or n = 0) there exists the super-
position of the vacuum state |0〉m and the one phonon
state |1〉m since an appropriate phase θ exists. The rea-
son for the amplification phenomenon around ωmt = 0
in Fig. 5 is that there exists the phase shifter offering an
enough large relative phase between the coherent state
|ϕ(t)〉m and the ground state |0〉m. By the compari-
son of Eq. (16) and Eq. (20), it can be seen that
the Kerr phase leads to the amplification phe-
nomenon when there is no phase shifter, however,
when there is a phase shifter, it is the the total
phase (the phase shifter and the Kerr phase) that
leads to the amplification phenomenon. In Fig. 5
the maximal and the minimal values of 〈q(t)〉/σ appear
when ωmt = (1±k)T± θk , respectively. The widths of the
amplification zones around T in Fig. 5 are also increased
compared to Fig. 2. Furthermore we find that around
time ωmt = 2npi (n = 0, 1, 2, · · · ) the amplifications oc-
cur only when θ ≪ k−k2T . Thus the amplification effect
of optomechanical system can be easily modulated by a
phase shifter.
V. DISCUSSION
In fact, we show that not only the one phonon state
can be generated in the orthogonal postselection weak-
coupling optomechanics scheme by using a single photon,
but also a superposition of the ground state and the one
phonon state can be generated if we retain the Kerr phase
in the model proposed by Pepper et al. When the ampli-
tudes of the ground state and the one phonon state are
equal, the maximal amplification effect can occur. When
the coupling strength is not so small or a phase shifter is
placed in the scheme, the amplification effect can become
prominent.
It is difficult to observe the amplification effect due to
the very small post-selected probability of success and the
very limited time zones for the appearance of the max-
imal displaced state. Simultaneously measuring the po-
sition and momentum of the mirror is impossible due to
quantum uncertainty principle. However it is possible to
measure only one quadrature component of the mechani-
cal motion, such as the position, to an arbitrary precision
6[15]. This idea can be used for a full reconstruction of the
mechanical quantum state, extracting its Wigner density
using quantum state tomography [16]. Another method
is to use a qubit to interact with the mirror and offer
the nonclassicality of the mirror [17]. A determinative
generation of different states can use a different hybrid
atom-optomechanical setup like in Ref. [18]. Further-
more we find an outstanding amplification effect with a
coherent pointer and the amplification effect can be ob-
served.
VI CONCLUSION
In our scheme even if the coupling is weak, the displace-
ment of the mirror’s position can be amplified in orthog-
onal postselection weak measurement, in contrast with
the usual weak measurement regime [1, 9] which indi-
cates that no amplification effects can be obtained when
the post-selected state and the initial state of the system
is orthogonal. The amplification effect come from the su-
perpositions of the ground state and the one phonon state
of the mirror. The maximal positive and negative ampli-
fication states are the equal superpositions of the ground
state and the one phonon state. The superposition is due
to the non-neglecting of the Kerr phase in the paper by
Pepper et al. In addition, the amplification effect can be
easily modulated by a phase shifter. The results deepen
our understanding of the weak measurement, provide us
a new method to discuss the weak interaction and the
decoherence of the macroscopic superpositions.
Finally, we would like to say this paper has two aspects
of meanings. The first one is that this approach provides
a simple way to generate nonclassical state of the mirror,
so we can investigate some quantum nature of a macro-
scopic object, such as entanglement and decoherence that
have been emphasized in [8]. The second one is that the
optomechanical system offers an ideal platform to inves-
tigate the post-selected weak measurement because the
motion (displacement) of the mirror is related to an exact
dynamics evolution state of the optomechanical system
which is suitable for understanding the long-time evolu-
tion behaviors.
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